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1. Dif feren t ia l -boundary  equat ions f i r s t  appear  as a d j o i n t s  i n  a n  a r t i c l e  

by H i l b  [ 6 ]  i n  1911. 

not  seem t o  appear  a g a i n  u n t i l  i n  F e l l e r ' s  a r t i c l e  [7] i n  1952, which was concerned 

w i t h  d e r i v i n g  t h e  Fokker-Planck equat ion,  occur ing  i n  d i f f u s i o n  p r o c e s s e s .  F e l l e r ' s  

e q u a t i o n  h a s  t h e  s p e c i f i c  form 

With t h e  except ion of  H i l b ' s  s t u d e n t  B e t s c h l e r  [l] they do 

V;(t) = - 2 V2(t)  - l i m  [ (a (x)V( t ,x) )x  - b(x)V(t,x)],  
x-cr 0 

o r  when Q = 0, 

Th.e boundary terms may b e  i n t e r p r e t e d  as mass on t h e  boundary. 

P h i l l i p s  [15], i n  1959 is a d i s c u s s i o n  of  d i s s i p a t i v e  o p e r a t o r s ,  used t h e  

f o l l o w i n g  an exainple o f  a maximal d i s s i p a t i v e  o p e r a t o r :  

L by l e t t i n g  Ly = y, - y + y(O)h, where t h e  domain of L 

and y(1) = 01. 

He d e f i n e d  t h e  o p e r a t o r  

2 
i s  [y; yx, y E L (0,l) 

More r e c e n t l y  i n  a number of art icles [9], [12], [SI, [8] d i f f e r e n t i a l -  

boundary e q u a t i o n s  have been d e f i n e d  a s  a d j o i n t s  t o  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  
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w i t h  i n t e g r a l  boundary cond i t ions .  
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I n  a d d i t i o n ,  t h e  au tho r  has  shown r l 0 l s  r111, r121, r131 t h a t  i n  a H i l b e r t  
b - L - C  

space  t h e  a d j o i n t  of a d i f f e r e n t i a l  ope ra to r  under i n t e g r a l  boundary cond i t ions  i s  

a d i f f e r e n t i a l - ~ ~ ~ n d a r y  o p e r a t o r .  Fu r the r ,  t h e s e  sys t ems  have been gene ra l i zed  t o  

a s i t u a t i o n  where t h e  a d j o i n t  of a d i f f e ren t i a l -boundary  system i s  i t s e l f  a 

d i f f  er e n t  is? . -boaxlary s y s t e m  

1 
/The purpose of  t h i s  a r t i c l e  is t o  reduce a d i f f e ren t i a l -boundary  s y s t e m  t o  

an  o rd ina ry  d i f f e r e n t i a l  s y s t e m  wi th  end p o i n t  boundary c o n d i t i o n s ,  and t o  show 

how t o  e l i m i n a t e  some of t h e  parameters which must be  in t roduced  i n  some rep re -  

s e n t a t i o n s . .  i 

/ 
2.  ,,'?he Removal of I n t e r f a c e  Condi t ions .  I n t e r f a c e  cond i t ions  are boundary 

c o n d i t i o n s  aGplied a.t p o i n t s  i n t e r i o r  t o  t h e  i n t e r v a l  under d i s c u s s i o n .  A t  such 

p o i n t s  t h e  func t ions  may be  e i t h e r  cont inuous o r  be  r equ i r ed  t o  have some s o r t  of 

f i n i t e  d i s c o n t i n u i t y .  

L e t  3 s  cons ider  a f i n i t e  i n t e r v a l  [a,b] which i s  subdivided i n t o  m i n t e r v a l s  

ThJS a = a  < a l <  ... < a  < a  = b .  
0 m-1 m L e t  Y be an  

v e c t o r .  We sha l l  cons ide r  boundary cond i t ions  of t h e  form 

M.Y = [I K.Y dx + [AijY(aj +) + B .  .Y(a -)I = 0, i = 1,2,.. . ,k, where K i 1 I 1 J  j 
j =o 

and B a r e  n x n matrices of c o n s t a n t s ,  Y(aj  +) 
Ai j i j  are n x n matrices, 

and Y ( a  -) deno te  t h e  l i m i t s  of  Y(x) as x approaches a from above and 
j j 

below. We assume t h a t  A = 0 and B = 0. i m  i o  

We defi.n.e an o p e r a t o r  L by l e t t i n g  LY = Y' + PY, where P i s  an  n x n 

ma t r ix .  It was shown i n  [13] t k a t  i f  t h e  domain of L i s  a s u i t a b l y  r e s t r i c t e d  

s u b s e t  of  a H i l b e r t  space  s a t i s f y i n g  M.Y = 0, i = l,...,k, t h e  a d j o i n t  of L 
1 
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 is no lorrger a d i f f e r e n t l a l  c p e r s t o r .  It is  a d v i s a b l e  a t  t h i s  s t a g e ,  t h e r e f o r e ,  

t o  extend L in.  t h e  followi,?ig manner. L e t  C and D i j ,  i = 12.u.9A be r_ x n i j  

Lb c o n s t a n t  m a t r i c e s  and l e t  H i = l , , . + . 2 A  be n x n m a t r i c e s .  We d e f i n e  i' 

a g a i n ,  C = 0, DiII = 0. im 

L e t  ils c o 7 b X e r  t h e  system 8: 

It w a s  sbow_r, ir, [13] t h a t  t h e  proper  a d j o i n t  system 
k 

8* i s  of t h e  fcsm: 

z '  + F*Z - 1 IC; q z )  = 0, L'z = - 
i= 1 

k 
- Z(aj  - >  -k 7 Bij* @ i ( Z )  - f D i j  * f Hi*Z dx  = 0 ,  

a 
Q/= 1 e= 1 

We wish t o  reduce tbe syste.ms 8 ,  s1* t o  a Fmre manageable form. 

We l e t  I = [ a j _ : ,  a.-J5 j = 1, 0 . . 3  m e  We denote  by t h e  nm x 1 v e c t m  
j 3 
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t hen  8 caz be  w r i t t e n  as 

where A ctmsists of the n - t u p l e  (ao+, al+) . . . g  a +), B i s  (al-3 a2-9 ..., a - ) >  m- 1 m 

and X is (x E I., x E 12' ...3 x E Im). 
.c 

Both t h e s e  forms do not  invo:.ve i n t e r i m  boundary p o i n t s .  We might remark t h a t  
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. t h e  i n t e r v a l s  

t. Mansfield 

We have 

Theorem 2 1 ~ 

1 j = Ir...sn can be  parameter ized i n  terms o f  a s i n g l e  v a r i a b l e  
j '  

[14] has done t h i s  ear l ie r  under i n t e r i o r  p o i n t  c o n d i t i o n s  on ly .  

t h e r e f o r e  proved 

Dif fe ren t ia l -boundary  s y s t e m s  and t h e i r  a d j o i n t s  i n v o l v i n g  i n t e r i o r  

p o i n t  c o n d i t i o n s  may be  reduced t o  sucb a s y s t e m  involv ing  only  end p o i n t  c o n d i t i o n s .  

It is a n  easy computation t o  show 

3. Removal o f  the Parameter Q. W e  assume t h a t  the boundary f o r m s A y ( A )  + 8 Y ( B )  

and e $(A) + 
t h e  o p e r a t o r s  a l s o  induce  a n  i n t e g r a l  o p e r a t o r  w i t h  s e p a r a b l e  k e r n e l ,  which, 

a l though e a s i l y  handled,  does n o t  i n t e r e s t  us .  Green ' s  formula f o r  L (no t  Lb) 

y i e l d s  

a re  l i n e a r l y  rowwise independent (Otherwise i n  what f o l l o w s  

Lb 

S"[py - (W )* I d x  = [ p A ) j i -  +gw3d5*l[Ay(A) +ByOI 
A 3 Y  

+ [ p) Q. +Y(B)$$"1[ & y ( A '  + y p  9 

+ [ ;3-"(A)Za e][ e(yc.1 + ( )51d(B)  3 

where 

t h e  3 terns a r e  t h e  a p p r o p r i a t e  complimentary fo rms .  

t o  see t h a t  

Theorem 3.10 -system f o r  8 ,  8?, & 

%(A) + 3 3 (B)  completes t h e  number of  independent boundary forms and 

It is  a n  easy  computation 

- 

It can  be p roved  c h a t  i n  sra a p p r o p r i a t e  H i l b e r t  space  8* & t h e  a d j o i n t  system. 
E 
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2 
As ail example., i t  i s  easy  t o  show t h a t  i n  L ( a ,b )  when 

ao(x)  + 0, a < x < b, an.d = =  

i f  8 c o n s i s t s  of 

t h e n  8% i s  
n 

i = m + l  

[ Kiz d x  + V 0 ( z )  = 0 ,  i = 1, m. 
I. 

4 .  Redzct ion to End P o i n t  Boundary Condi t ions .  Not on ly  i s  i t  p o s s i b l e  t o  

e l i m i n a t e  i n t e r i o r  bottndary c o n d i t i o n s  and t h e  parameter @, it i s  a l s o  p o s s i b l e  t o  

w r i t e  8 as an o r d i n a r y  d i f f e r e n t i a l  system w i t h  end p o i n t  boundary c o n d i t i o n s .  

This  w a s  done r e c e n t l y  by  Jones [SI when 

S i n c e  i n t e r i o r  p h t s  have been t a k e n  c a r e  o f ,  l e t  us c o n s i d e r  o n l y  end p o i n t  

8 involved o n l y  a d i f f e r e n t i a l  eqalation. 

c o n d i t i  o m  anad i n t e g r a l s  e 

8 thea cocsis ts  of  

Y' + 3' + H r C f ( a )  + Df(b)] = 0 ,  AY(a) + BY(b) + KYdx = 0, s" a 

where w e  may assme t h a t  P i s  a n  n x 1 matrix, F i s  n x n,  H i s  n x m, C 

and D a re  m x n, A,  B a d  K a r e  p x ri m a t r i c e s .  

X 

We l e t  G = ICY2 Y(a> = A Y ( a ) .  Thus V(x) = JCY dx + U(a) = la KY dx + AY(a) 

-fS a p y 1 rna.tr:r, F'snrther w e  l e t  S =CY(a) + DY(b), S i s  a n  m x P matrix. 

8 i s  ECW equi ,valent  t o  t h e  s y s t e m  
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According to the standard rules for finding adjoints, the adjoint system should be 

E ; -;I [ T(a) :::;) + f -% -;] (it:;) T(b) = 0 

This should be equivalent to the original form for S*. In fact, it is, as an easy 

computation shows. 

We note that in 8 , ,  Y is the dependent variable, U is a "boundary condition" 

variable, while S is a parameter (constant). In 8*, however, although Z is the 

dependent variable, V is the parameter and T is the "boundary condition" variable. 

The last two components switch roles. As a result, such systems cannot be self-adjoint 

in the classical sense of Lagrange (see Coddington and Levinson [ 4 ] ) ,  but only in the 

symetr'izable sense of Bliss [2], [3] and Reid [161, r171. 

In conclusion, we state 

Theorem 4 , l .  Differential-boundary systems and their adjoints may be reduced to 

ordinary differential systems with end point boundary conditions. 

- 
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